


Chapter 10 


ECTOR ALGEBRA 


10.1 Overview 


10.1.1 A quantity that has magnitude as well as direction is called a vector. 


Q; 


10.1.2 The unit vector in the direction of a is given by 7G] and is represented by iy 


Q; 


10.1.3 Position vector of a point P (x, y, z) is given as OP=xi+ y J+ zk and its 
magnitude as |OP|=,/x° + y? +z? , where O is the origin. 


10.1.4 The scalar components of a vector are its direction ratios, and represent its 
projections along the respective axes. 


10.1.5 The magnitude r, direction ratios (a, b, c) and direction cosines (l, m, n) of any 
vector are related as: 


a 
l=—,m= 
r 


10.1.6 The sum of the vectors representing the three sides of a triangle taken in order is 0 


10.1.7 The triangle law of vector addition states that “If two vectors are represented 
by two sides of a triangle taken in order, then their sum or resultant is given by the third 
side taken in opposite order”. 


10.1.8 Scalar multiplication 


If a is a given vector and À a scalar, then À d is a vector whose magnitude is là a | = IÀ 


la |. The direction of àa is same as that of a if àis positive and, opposite to that of a if 


À is negative. 
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10.1.9 Vector joining two points 


If P, (x,, y,,z,) and P, (x, y,,z,) are any two points, then 


PP, = (x, =x) i +O, - Y)J+ —z,)k 


—— 


IPP, I= V(x, ae +(y,- yD) u Ore z) 
10.1.10 Section formula 


The position vector of a point R dividing the line segment joining the points P and Q 


whose position vectors are q and p 


na+mb 


(1) inthe ratio m:n internally, is given by nen 


a | a mb —nd 
(i) inthe ratio m:n externally, is given by a 


a-b 


10.1.11 Projection of Galong b is TAL and the Projection vector of dalong b 


_|a-b |. 
crea 


10.1.12 Scalar or dot product 





The scalar or dot product of two given vectors a and b having an angle O between 
them is defined as 


G.b=\a\|blcos 0 
10.1.13 Vector or cross product 


The cross product of two vectors Gand b having angle @ between them is given as 


axb=lallblsin® ñ, 
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where ñ is a unit vector perpendicular to the plane containing ad and b and a,b, ñ 


form a right handed system. 


10.1.14 If a = ait+a,jt+a,k and b= b i +b, j +b, k are two vectors and A is 


any scalar, then 
G+ b= (a,+b)it(a, t+b,)j+(a,t+b,)k 


MG=( a)it( a)j+( a)k 


= 
=> 


a.b=a, b + a, b, + a, b, 


a> 


Angle between two vectors & and bis given by 
a.b a, b, +a, b, + a,b, 
cos 0 = ADS atta? hat oe be be 
10.2 Solved Examples 
Short Answer (S.A.) 


Example 1 Find the unit vector in the direction of the sum of the vectors 


G=27-j+2k and b=-7+ 743k. 
Solution Let ¢ denote the sum of & and hb. We have 
€ = (27-j+2k)+(74j43h = i+5k 


Now |¢|/=VP2 +5? =J26.- 


j 

z > b A 4 

axb= “1 K É = (bc, — b,c,)j + (a,c, = CC) J + (a,b, - 
2 


ab) k 
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> 


A 


Thus, the required unit vectoris ¢=(g=—==(i+5k) = =i +2=k 
us, the required unit vector 1s d J26 6 J26 ; 


Example 2 Find a vector of magnitude 11 in the direction opposite to that of PQ 
where P and Q are the points (1, 3, 2) and (—1, 0, 8), respetively. 


Solution The vector with initial point P (1, 3, 2) and terminal point Q (—1, 0, 8) is given by 


PQ=(-1-1) p+(O-3) J+ (8-2) f =-2 7-3 j+6 Å 
Thus QP =- PQ = 2i+3j-6k 

= lopl=/2° +3? + (6)? = V44+9+36 = V49 =7 
Therefore, unit vector in the direction of OP is given by 


—~ QP _2i+3j-6k 
IO B| 7 





Hence, the required vector of magnitude 11 in direction of QP is 


33, 66 
7 7” 7o 


peeo 27+37-6k a 33 
11 QP =11 ae L + 
Example 3 Find the position vector of a point R which divides the line joining the two 
points P and Q with position vectors OP = 2 & +b and OQ = 4 -2b , respectively, 
in the ratio 1:2, (1) internally and (11) externally. 


Solution (1) The position vector of the point R dividing the join of P and Q internally in 
the ratio 1:2 1s given by 


—. XQ2a+p)+1(a-2p) Sa 
t 1+2 3 
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(11) The position vector of the point R’ dividing the join of P and Q in the ratio 
1 : 2 externally is given by 


—,  2(2a+5)-1(a@ —25) 


> =3a +4}. 
OR E b 


Example 4 If the points (—1, —1, 2), (2, m, 5) and (3,11, 6) are collinear, find the value of m. 
Solution Let the given points be A (—1, —1, 2), B (2, m, 5) and C (3, 11, 6). Then 


AB=(24)lit(m4) j+(5-2)k =3î+(m+1)ĵ +3k 
and AC=(34)i+(14+) j+(6-2)k = 474127 +4k. 
Since A, B, C, are collinear, we have AB =A AC, ie. 


(3f+(m+1)ĵ+3k)= (4i+127+4k) 
=> 3=42X and m+1=12X 


Therefore m= 8. 
Example 5 Finda vector 7 of magnitude 3,/2 units which makes an angle of Z and 


> with y and z - axes, respectively. 


1 
e — Cos—=—7 = — = 
Solution Here m 4 h and n = cos 5 Q. 


Therefore, P+m+n?=1 gives 


1 
2 = = 
L+ 5+0 =] 
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Hence, the required vector = 3/2 (litmj+nk) is given by 


= l « 1 ^ A = A ^ 
e og +Ok) = r =+Ł3i+3j. 


Example 6 If a =2i-—j+k, b = p+j—2k and c= 7+ 3} -— Ñ, find À such that 
a is perpendicular to Ab +c. 
Solution We have 
Nb +O HK (P+ GF -2k )+( 7435 -k) 
=(A4+1) 7#(A43)7 -QA4Dk 
Since Gd L(AD +¢), ä (Ab +¢)=0 
=> (2f -F +k).KÀA+1) 7 +43) 7 -QA4+ 1k] =0 


>2(A4+1)-(A4+3) - (2 +1)=0 


>À =-2. 


Example 7 Find all vectors of magnitude 10/3 that are perpendicular to the plane 


of 7+27+k and —Î+3]+4k . 


Solution Let g= P+2j+k and b = 7 4+37+4k . Then 


i jfk 
äxb=|1 2 I=i(8-3)-j(4+D+KG+2) _ o> _ 52 asf 
le N4 


= axbl= 6) +5) +65) =,/36) =5y3. 
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Therefore, unit vector perpendicular to the plane of g and b is given by 





Hence, vectors of magnitude of 104/3 that are perpendicular to plane of @ and b 


5î—-57+5k 
+ — ] :: E: PE 
Long Answer (L.A.) 
Example 8 Using vectors, prove that cos (A — B) = cosA cosB + sinA sinB. 


Solution Let OP and OQ be unit vectors making angles A and B, respectively, with 
positive direction of x-axis. Then ZQOP = A - B [Fig. 10.1] 


We know OP = OM + MP=icosA +jsin A and OQ = ON + NQ=icosB +jsinB. 


By definition OP. OQ= lop OQ COS (A-B) 


= cos (A N) „œ [-{OP|=1=|09) 
In terms of components, we have 
OP. OQ = (i cos A+ jsin A).(f cos B+ j sin B) 


= cosA cosB + sinA sinB ei) 
From (1) and (2), we get 


cos (A — B) = cosA cosB + sinA sinB. 
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snA sinB sinC 
b 
magnitudes of the sides opposite to vertices A, B, C, respectively. 











Example 9 Prove that ina A ABC, , where a, b, c represent the 


Solution Let the three sides of the triangle BC, CA and AB be represented by 
a,b andc , respectively [Fig. 10.2]. 


We have d+b+c=0.1.e., d+b=-¢é 


which pre cross multiplying by q, and A 


post cross multiplying by p , gives 





axb=é xa 
and axb=bxé 
respectively. Therefore, = 

uf 

axb=bxé=Cxa Fig, 10.2 
=> Jaxb|=|b xe|=|exai 
= Ja||o|sin (x - C)=|6]|é|sin( — A) =[é|a|sin (x - B) 
= ab sin C = bc sinA = ca sinB 


Dividing by abc, we get 


sinC sinA sinB | 
a! Le. 
C a b a b C 


smnA sinB sinC 











Objective Type Questions 


Choose the correct answer from the given four options in each of the Examples 10 to 21. 


Example 10 The magnitude of the vector 67+27+3k is 
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(A) 5 (B) 7 (C) 12 (D) 1 
Solution (B) is the correct answer. 


Example 11 The position vector of the point which divides the join of points with 


position vectors @+b and 2ā-—b in the ratio 1 : 2 is 











3G+2b 5a—b Aa+b 
(B) ai (C) D 


3 3 3 


Solution (D) is the correct answer. Applying section formula the position vector of 
the required point is 


2(G+b)+1(24—b) 4a+b 
2+1 3 


Example 12 The vector with initial point P (2, —3, 5) and terminal point Q(3, —4, 7) is 


(A) j~—j+2k (B)  5i—77+12k 


(C) i+ j-2k (D) None of these 
Solution (A) is the correct answer. 


Example 13 The angle between the vectors 7— 7 and j—k is 


(A) 3 eN > © 7 oO = 


Solution (B) is the correct answer. Apply the formula cos = | äl. 7 


Example 14 The value of A for which the two vectors 27—j+2k and 3i+Aj+k 


are perpendicular is 
(A) 2 (B) 4 (C) 6 (D) 8 


Solution (D) is the correct answer. 
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Example 15 The area of the parallelogram whose adjacent sides are 7+k and 


2i+j+k is 


(A) 2 B) VB (C) 3 (D) 4 


Solution (B) is the correct answer. Area of the parallelogram whose adjacent sides 


are g andb 1S ard. 


Example 16 If |a| = 8, 





b|=3 and Jax b|=12, then value of G.h is 
(A) 6/3 (B) 8/3 © 12/3 (D) Nore of these 


Solution (C) is the correct answer. Using the formula a xb | =| | | lsin8|, we get 


0=+2 
6 


= 


12 


V3 
2- 


Therefore, G.b = a|.|b|cose =8x3x 


Example 17 The 2 vectors j+k and 3i—j+4k represents the two sides AB and 
AC, respectively of a AABC. The length of the median through A is 


(A) = (B) yz (C) 18 (D) Nore of these 


Solution (A) is the correct answer. Median AD is given by 
—) lyn a a v34 
AD|= L is j+ sét 


Example 18 The projection of vector ä=2f— j+k along b=i+27+2k is 
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2 
(AY 3 B) 3 C) 2 D) 6 


Solution (A) is the correct answer. Projection of a vector @ on b is 


äb  Qî-J+6.@+27+2k) 2 


pj ~ Ji+4e4 3° 
Example 19 If @andb are unit vectors, then what is the angle between Gandb for 
/3a—b to be a unit vector? 

(A) 30° (B) 45° (C) 60° (D) 90° 


Solution (A) is the correct answer. We have 


(/3a—b) =3a +b? -23 Gb 


D 


3 
v3 = cos0 = — >0= 30°. 


=> PhS 
a.b 5 5 


Example 20 The unit vector perpendicular to the vectors î— j and f+} forming a 


right handed system is 








. i—j it] 
A) É B) -É © FO | 


Solution (A) is the correct answer. Required unit vector is ( a j) 2 ( A i 





Example 21 If |a4/=3 and —1<k<2, then |kā| lies in the interval 


(A) [0,6] (B)  [-3, 6] (C) [3,6] D) [1,2] 
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Solution (A) is the correct answer. The smallest value of kai | will exist at numerically 


smallest value of k, i.e., at k = 0, which gives ka|=|k\Ja|=0x3=0 


The numerically greatest value of k is 2 at which kai | =6. 


10.3 


EXERCISE 


Short Answer (S.A.) 


1. 


A 


10. 
11. 


Find the unit vector in the direction of sum of vectors @=2i—j+kand b=2j+k. 
If d=i+jt+ 2k and b=2; +4 J= 2k , find the unit vector in the direction of 
(i)6b (Gi) — 2a-b 
Find a unit vector in the direction of PQ , Where P and Q have co-ordinates 
(5, 0, 8) and (3, 3, 2), respectively. 


If G@andb are the position vectors of A and B, respectively, find the position 
vector of a point C in BA produced such that BC = 1.5 BA. 


Using vectors, find the value of k such that the points (k, — 10, 3), (1, —1, 3) and 


(3, 5, 3) are collinear. 


A vector F is inclined at equal angles to the three axes. If the magnitude of 7 is 
2/3 units, find 7 . 


A vector r has magnitude 14 and direction ratios 2, 3, — 6. Find the direction 


cosines and components of 7 , given that 7 makes an acute angle with x-axis. 


Find a vector of magnitude 6, which is perpendicular to both the vectors 27 = Fk 
and 47 —j+3k. 


Find the angle between the vectors 27 —j+k and 3f +4j-k. 
If @+b+¢=0, show that @axb=b x¢=é xa. Interpret the result geometrically? 


Find the sine of the angle between the vectors @=3i+j+2k and 
b= 27 —2j+4k. 
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12. 


13. 


14. 


MATHEMATICS 


If A, B, C, D are the points with position vectors f+ ĵ—k, 2i—j+3k, 
2; — 3k, 37 myers: , respectively, find the projection of AB along CD. 

Using vectors, find the area of the triangle ABC with vertices A(1, 2, 3), 
BQ, — 1, 4) and C(4, 5, — 1). 


Using vectors, prove that the parallelogram on the same base and between the 
same parallels are equal in area. 


Long Answer (L.A.) 


15. 


16. 


17. 


18. 


pac =a 
Prove that in any triangle ABC, = a , where a, b, c are the 
C 


magnitudes of the sides opposite to the vertices A, B, C, respectively. 


If āb,č determine the vertices of a triangle, show that 


Le ee E a 
5/5 XC+C Xat+a xb | gives the vector area of the triangle. Hence deduce the 


condition that the three points @,b ,é are collinear. Also find the unit vector normal 


to the plane of the triangle. 


Show that area of the parallelogram whose diagonals are given by g and p is 





If z= i+j+k and b=j—k, find a vector z such that Gx@=b and a4.c=3. 


Objective Type Questions 


Choose the correct answer from the given four options in each of the Exercises from 
19 to 33 (M.C.Q) 


19. 


The vector in the direction of the vector f —2 J+ 2k that has magnitude 9 is 


E 


(A) î—-2J+2k (B) 3 


(C) 3(¢ -2} +2k) (D) 9@-27+2k) 


20. 


21. 


22. 


23. 


24. 


25, 
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The position vector of the point which divides the join of points 24 —3b and a+b 
in the ratio 3 : 1 is 
34 —2b 7a—8b 


2 (B) 4 








3a 
(A) OT ® 7 


The vector having initial and terminal points as (2, 5, 0) and (—3, 7, 4), respectively 
1S 


(A) ~74+127+4k (B)  5i+27-4k 
(C) —~5i+2j+4k D) f4j+k 


The angle between two vectors @ and b with magnitudes ,/3 and 4, respectively, 


and G.b =2,/3 is 


51 
(D) pu 


(A) 


TU TU 
(B) 3 (C) z 


x 
6 
Find the value of À such that the vectors G@= 27 +Aj+ k and b=;+ 27+3k are 


orthogonal 


3 5 
(A) 0 B) 1 Oo = O =, 


The value of A for which the vectors 37-6j7+k and 2i—47+Ak are parallel is 


3 5 2 
(A) 3 (B) 5 (C) 5 (D) 5 


The vectors from origin to the points A and B are 


a= 2) -3j+2k and b= 2i+3j+k respectively, then the area of triangle OAB is 


l 
(A) 340 (B) J5 © J229 (D) 7229 
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26. 


2T 


28. 


29. 


30. 


31. 


32. 


33. 
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For any vector @, the value of (4xi)?+(āx J)? +(@xk)* is equal to 
(A) av B) 3a (©) 44 (©) 2g 


If |a| = 10, 





b| = 2 and ā.b =12 , then value of axb] iS 
(A) 5 (B) 10 (C) 14 (D) 16 


The vectors Af + j+ 2k, i+ ie k and 27 - jt Ak are coplanar if 








(A) W= (B) XK=0 (©) à=1 (D) ==] 
If ä,b, č are unit vectors such that @+b + G=0, then the value of 4.b+b2+čā is 
3 
(A) 1 (B) 3 (C) = (D) None of these 
Projection vector of ġ on p is 
a.b 5 a.b a.b ab f 
(A) pl (B) bl (C) | ai (D) | af 
If ā,b,č are three vectors such that @+b+¢=0 and \a|=2, b|=3, =>. 
then value of Z@.b+b.é+2.a is 
(A) 0 (B) l (C) -19 (D) 38 
If |ä|=4 and -3<A<2, then the range of |Ad] is 
(A) [0, 3] (B) [-12,8]() [0,12] (D) [8,12] 


The number of vectors of unit length perpendicular to the vectors @=2i + j+ 2k 
and b=j+k is 
(A) one (B) two (C) three (D) infinite 


Fill in the blanks in each of the Exercises from 34 to 40. 


34. 


The vector q+ p bisects the angle between the non-collinear vectors g and 


i if 


35. 


36. 


3i, 


38. 


39. 


40. 
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If *.a=0,7.b=0, and F.c=0 for some non-zero vector 7 , then the value of 
G.(bx@) is 
The vectors ä=3i—2j+2k and p=—j—-2k are the adjacent sides of a 


parallelogram. The acute angle between its diagonals is 


The values of k for which |kā|<|āļand kāä+—ā is parallel to g holds true 


2 
2 


The value of the expression jaxo| +(a.b) 1S 
20 sjo 7 
If |@xb| + [a.b] = 144 and |a|=4, then [b| is equal to 


If a is any non-zero vector, then (G.i)i+(a.j)7+(a.k)k equals 


State True or False in each of the following Exercises. 


41. 


42. 


43. 


44. 


45. 


— 


If lä|= b , then necessarily it implies @=+bd. 





Position vector of a point P is a vector whose initial point is origin. 


— 


If a+b|=la =b 


— 


, then the vectors qg and p are orthogonal. 





The formula (@+b)? =a" +b? +2axb is valid for non-zero vectors g and ġ . 


> 


If qg and »p are adjacent sides of a rhombus, then g .p= 0. 


—=—n 6 “iia 


